We consider the Hamiltonian reduction of the two-loop Wess-Zumino-Novikov-Witten model (WZNW) based on an untwisted affine Kac-Moody algebraĜ. The resulting reduced models, called Generalized Non-Abelian Conformal Affine Toda (G-CAT), are conformally invariant and a wide class of them possesses soliton solutions; these models constitute non-abelian generalizations of the Conformal Affine Toda models. Their general solution is constructed by the Leznov-Saveliev method. Moreover, the dressing transformations leading to the solutions in the orbit of the vacuum are considered in detail, as well as the τ -functions, which are defined for any integrable highest weight representation ofĜ, irrespectively of its particular realization. When the conformal symmetry is spontaneously broken, the G-CAT model becomes a generalized Affine Toda model, whose soliton solutions are constructed. Their masses are obtained exploring the spontaneous breakdown of the conformal symmetry, and their relation to the fundamental particle masses is discussed.
Introduction
The study of classical and quantum non-linear integrable models in 1+1 dimensions is of great interest in High Energy Physics, where such models have been used as laboratories to develop methods to explore the non-linear perturbative aspects of gauge theories, gravity and string theory. In particular, they could help in understanding some stable classical solutions, like monopoles, which must have an important role in the quantum theory, and which cannot be understood by the existing methods.
In this paper, we construct the Generalized Non-Abelian Conformal Affine Toda models, the G-CAT models, which are a class of generalizations of the well known non-abelian Affine Toda Field theories that, being integrable and conformally invariant, provide one of the simplest example of mass generation through spontaneous symmetry breaking. To be precise, within these models, the mass of the solitons of the Affine Toda Theories can be understood in terms of a Higgs-like mechanism associated to the spontaneous breakdown of the conformal symmetry. Even more, within this approach, it is possible to put in oneto-one correspondence the solitons of the non-abelian Affine Toda models with its massive fundamental particles; in particular, their masses are proportional.
Within the integrable models in 1+1 dimensions, the investigation of the different Toda Field Theories has recently received a lot of attention. According to their underlying algebraic structure, they can be divided into three categories; each one exhibiting nice characteristic properties. First, associated to the finite simple Lie algebras, there are the Conformal Toda models, which are conformally invariant 1+1 field theories. Even more, they permit the construction of extensions of the Virasoro algebra including higher spin generators, namely W-algebras. The second class of theories are the Affine Toda models, based on loop algebras, which can be regarded as a perturbed Conformal Toda model where the conformal symmetry is broken by the perturbation while the integrability is preserved [1] . One of their main properties is that they possess soliton solutions. These two classes of models are called abelian or non-abelian referring to whether their fields live on an abelian or nonabelian group [2, 3, 4, 5] . Finally, the conformal symmetry can be restored in the abelian Affine Toda models just by adding two extra fields which do not modify the dynamics of the original model; one of these fields is a connection whose only role is to implement the conformal invariance. These are the so called Conformal Affine Toda models [6, 7] , and they are based on a full Kac-Moody algebra; moreover, they are integrable [8] , and have soliton solutions [9] . In fact, many properties of the Affine Toda models can be more easily understood by considering them as the Conformal Affine Toda models with the conformal symmetry spontaneously broken. All these Toda models can be obtained via Hamiltonian reductions of WZNW models [10, 6] ,whilst their one dimensional versions can be obtained from free motion on symmetric spaces [11, 12] .
The G-CAT models consist on a WZNW model where the field takes values in a finite -not necessarily semisimple-Lie group G 0 , and where the symmetries of left and right translations by elements of G 0 are broken by a term of the form
grades corresponding to a gradation ofĜ where the subspace of zero grade is the Lie algebra of G 0 . Notice that we allow the central term ofĜ and the grading operator to be generators of G 0 ; this leads to the conformal invariance of the G-CAT models, which generalizes the CAT models [6, 7] for non-abelian groups.
In section 2, we obtain the G-CAT models via Hamiltonian reduction of the two-loop WZNW model, where the fields are elements of a Kac-Moody group and the corresponding current algebra is a two-loop Kac-Moody algebra [6, 13] . The Hamiltonian reduction can be characterized by the choice of a gradation of the Kac-Moody algebraĜ and of the elements Λ ±l appearing in (1.1); the reduction can be performed for a general gradation, but we restrict ourselves to the case of integer gradations. The constraints are imposed on some non-chiral quantities which have a simpler algebraic structure than the currents. Actually, the generators Λ ±l correspond to the constant value of those quantities in the subspaces of grade ±l. When l is greater than the lowest positive grade, the constraints on the currents are of second class. However, not all the components of the currents with grade between zero and l are constrained, implying that the field B is not the only degree of freedom of the reduced model. The extra degrees of freedom correspond to two sets of chiral fields, one set for each chirality, but these chiral fields are decoupled from the field B.
In section 3, we show that the reduced model is conformally invariant because the current associated to the grading operator can be used to improve the stress tensor allowing the constraints to weakly commute with it. We also show that the field in the direction of the grading operator, called η, is free; even more, its interaction with the other fields is such that for every regular solution of η one can eliminate it from the remaining equations of motion by a coordinate transformation. Then, the resulting model is not conformally invariant and we refer to it as the Generalized non-abelian Affine Toda (G-AT). All this is a generalization of what occurs in the abelian Conformal Affine Toda models [14] .
The general solution of the G-CAT models is constructed in section 4 using the method of Leznov and Saveliev [2, 3, 15] . For l not being the lowest positive grade, the number of chiral parameters of the solution is not equal to twice the dimension of G 0 . There is a number of extra parameters equal to the number of chiral fields appearing in the Hamiltonian reduction described above. Those parameters are present even though we start from a zero curvature connection depending only on the field B; their origin has to do just with the algebraic structure of the connections.
The symmetries of the G-CAT models are discussed in section 5; they correspond to the left (right) translations on the Kac-Moody group which leave Λ −l (Λ l ) invariant. One of our main interests is to construct the one-soliton solutions of the model, which are static solutions in some particular Lorentz frame. We show that the condition for the existence of static solutions is that Λ ±l can be transformed by some constant element of G 0 into some elements E ±l such that [E l , E −l ] is in the direction of the central term only. This condition is easily satisfied if E ±l lie on a Heisenberg subalgebra ofĜ.
The fundamental particles of the G-CAT model are obviously massless due to conformal invariance. In section 6 we show that the classical masses of the fundamental particles of the G-AT models appear as a consequence of the spontaneous breakdown of the conformal symmetry, resembling very much the Higgs mechanism in gauge theories. We show that the masses are proportional to the eigenvalues of the operator [E l , [E −l , ·]] when acting on the Lie algebra of G 0 ; the proportionality constant being the vacuum expectation value of the (Higgs-like) field e l η . In section 7 we use the dressing transformation method [16, 17, 18, 19] to construct the solutions of the G-CAT model lying in the orbit of the vacuum. The construction is quite simple and leads to a very useful expression for the solutions. In fact, it allows us to show that the solitonic specialization of the Leznov-Saveliev solution described in [20, 21] leads to all solutions in the orbit of the vacuum.
The results obtained with the dressing method guide us to the introduction of the τ -function [22, 23] in section 8. We define the τ -functions for the G-CAT models as the orbit of the highest weight state of an integrable representation of the Kac-MoodyĜ obtained under the action of the group element used in the dressing transformation. The particular integrable representation is the one associated to the gradation ofĜ used in the Hamiltonian reduction, in a manner explained in the appendix B. One of the nice features of our definition is that it is independent of the way the integrable representation is realized; in particular, it is independent of the level of the representation. In this sense, our results allow the generalization of the connection between τ -functions and zero-curvature integrable hierarchies of partial differential equations worked out in [24] .
The masses of the one-soliton solutions are calculated in section 9. Following [9] , we explore the conformal invariance of the G-CAT model to show that the masses of the solitons of the G-AT models come from a total divergence which is given by the improvement term of the G-CAT stress tensor. We find an explicit formula for those masses by using the highest weight state of an integrable representation ofĜ that is dual to the one used in the τ -function definition. Then, the one-soliton solutions can be put in one to one correspondence with the massive fundamental particles. In addition, non-vanishing soliton masses are proportional to the masses of their corresponding fundamental particles. This is a generalization of what occurs in the abelian Affine Toda models [9, 20] , and suggests some deep structure in such theories which is still not well understood; they could be related to a duality transformation similar to the one conjectured in four-dimensional non-abelian gauge theories [25, 26] .
In section 10 we discuss the G-CAT models associated to the principal and homogeneous gradations of any Kac-Moody algebraĜ. In the homogeneous case, the one-soliton solutions are studied in great detail, also considering the particular case when G 0 is compact. Finally, we present our conclusions in section 11.
In appendix A we show how to use the structure of the two-loop Kac-Moody current algebra to construct what we call the two-loop Virasoro algebra. In order to do that, we have to impose periodic boundary conditions on the currents, and the structure of such algebra is more complex when the two central terms of the two-loop current algebra are incommensurable; the role of this algebra in relation to the symmetries of the G-CAT model has not been investigated yet. Finally, appendices B and C include our conventions and some particular properties of Kac-Moody algebras used along the paper.
Generalized Reduction of Two-Loop WZNW model
The two-loop WZNW model was introduced in [6] as the generalization of the ordinary WZNW model to the affine case. Its equations of motion are given by
where ∂ ± are derivatives with respect to the light-cone variables x ± = x ± t, andĝ is an element of the group G formed by exponentiating an untwisted affine (real) Kac 
where f c ab are the structure constants of a finite (real) semisimple Lie algebra G, n and m are integers, and g ab is the Killing form of G, i.e., g ab = Tr(T a T b ), T a being the generators of G. The non-degenerate bilinear form ofĜ is defined as (see also (B.7)-(B.9))
and we will use the same notation, Tr, for both the Killing form of G and the bilinear form ofĜ.
The two-loop WZNW model is invariant under left and right translationŝ
The corresponding Noether currents are the components of ∂ −ĝĝ −1 andĝ −1 ∂ +ĝ , and they generate two commuting copies of the so called two-loop Kac-Moody algebra [6] , defined by the relations
The left and right currents satisfying the above relations are related to the group elementĝ in eq.(2.1) by
where g ab is the inverse of the Killing form g ab defined above. The different meaning of the two central extensions in eqs.(2.6)-(2.9) algebra is clarified by expressing the algebra as (2.12) where U, V are two elements of the Kac-Moody algebraĜ, J is either J R or J L , and Tr is the invariant bilinear form ofĜ.
Consider now a gradation of the Kac-Moody algebraĜ
14)
The reduction presented in this section does not require that this gradation is integer; it just needs that the grades s take zero, positive and negative values, i.e.,
Nevertheless, in the rest of the paper, we shall restrict ourselves to integer gradations, which can be described in a very systematic way using the results of [27, 28] (see appendix B). We now consider those group elements that can be written in a "Gauss decomposition"
where N, B and M are group elements formed by exponentiating elements ofĜ + ,Ĝ 0 and G − respectively. It is well known that the use of the Gauss decomposition requires that the group has definite properties regarding its compactness. Nevertheless, when the subspaces ofĜ with opposite grades are non-degenerately paired by the bilinear form, as it happens when the gradation is integer, the validity of the Gauss decomposition does not imply any condition regarding the compactness of the subgroup formed by exponentiating the elements ofĜ 0 , G 0 ; it only requires that the restriction of the bilinear form toĜ + ⊕Ĝ − is maximally noncompact. When the gradation is integer (see (B.14)-(B.15)), this means that {H n 1 , . . . , H n r }, for all n = 0, and {E m α }, with m N s + α · H s = 0, must be among the generators of the chosen real form of the algebraĜ. Then, one is free to choose the subgroup G 0 to be either compact or non-compact; each choice leading to different theories. In section 5, we shall come back to this point, which is very important in relation to the physical interpretation of the resulting models [29] .
Using eq.(2.17), we can write the equations of motion (2.1) as
where we have introduced
Although the quantities K L/R are not chiral, they have a simpler structure than the currents and will be very useful in what follows. We will reduce the two-loop WZNW model by imposing constraints not directly on the currents but on K L/R . We impose the constraints
where Λ ±l are constant elements ofĜ ±l (l > 0). These constraints reduce the two-loop WZNW model to a theory containing only the fields corresponding to the components of B and to the components of N and M associated to the generators whose grade is < l and > −l respectively. To obtain the equations of motion for such model one notices that the constraints (2.22) and (2.23) imply that
Therefore the only terms of zero grade on the right hand side of (2.19) are coming from
. So, we get
which can also be written as
These are the equations of motion of what we call the generalized non-abelian conformal affine Toda models (G-CAT). When the gradation is integral and l = 1, these equations were first considered in [2, 3] , but not including the field in the direction of the derivation D, which leads to the conformal invariance of the model as we explain in the next section. In addition, the lagrangian interpretation of these equations was not studied in those references either.
As for the equations of motion of the fields corresponding to N and M, we obtain from (2.18) and (2.19) that
However, one can get more information on the dynamics of such fields from the constraints (2.22) and (2.23). We write
and we label the negative grades in a ordered way as 
where the index s denotes the grade of the current component. Therefore, in terms of the currents, the constraints (2.22)-(2.23) are
(2.34)
When l is not the lowest positive grade in (2.13), these constraints are not only first class, but they also include second class constraints.
Conformal Invariance of the G-CAT models
The two-loop WZNW model (2.1) is a conformally invariant theory and the corresponding Virasoro generators are given by the Sugawara construction. The procedure to show that the G-CAT models are also conformal invariant is the same for both chiralities, and, here, we consider only the right moving component of the stress tensor. From now on, we shall restrict ourselves to the models defined in terms of integral gradations (see appendices B and C).
Using the Sugawara construction we can obtain two Virasoro generators from the currents of the two-loop Kac-Moody algebra (see (2.6)-(2.9) and (2.10))
They both satisfy a centreless Virasoro algebra
and they commute [
These Virasoro generators induce the following transformation of the currents:
Therefore all the currents transform as primary fields of conformal weight 1, under the sum of the two Virasoro generators
where J (y) stands for any of the currents. Obviously T (x) also satisfies a centreless Virasoro algebra
In (2.38) the currents in the direction of the generators of grade l were set to a constant. This breaks the conformal invariance associated to T (x) since such currents are not scalars. However, we can modify T (x) to obtain a new Virasoro generator under which those currents are scalars. If the gradation (2.13) is realized by a grading operator Q s , we can use the component of the current corresponding to Q s , i.e.,
to modify T (x); then, from (2.10) and (2.12), the right currents in the direction of the generators of grade l have grade −l with respect to J
Therefore, we introduce the improved stress tensor as
under which the currents set to constant are scalars. The improved stress tensor (3.13) satisfies 14) which is a centreless Virasoro algebra too; notice that the Virasoro algebra generated by L(x) might have a central extension proportional to Tr(Q 2 s ), but, for the particular choice (C.1), it vanishes. With respect to L(x), the components of the current J R (x) whose grade is j ∈ Z Z transform as primary fields of conformal weight 1 − j/l, with the exception of the component Tr (CJ R (x)) whose transformation is
For the other chirality a similar procedure applies, thus establishing the conformal invariance of the G-CAT models. According to eq.(C.10), we parameterize the field B as
where B 0 denotes an element of the subgroup formed by exponentiating the elements of the subalgebraĜ * 0 defined in appendix C. From (2.26), we get
The conformal invariance of the G-CAT model can be made explicit by verifying that the above equation is invariant under the conformal transformations
if the fields transform as 
Therefore the solutions for η are of the form 21) and, for every regular solution, the term e lη can be eliminated by a coordinate transformation, like in the usual CAT models [14] . In fact, for regular solutions, we can define the coordinate transformation
and so
Hence, when the equation of motion for η holds, (3.17) becomes
We will refer to such theory, containing only the fields B 0 and ν, as the Generalized nonabelian affine Toda models (G-AT). Let us point out that, in (3.24) , the dynamics of the field B 0 is actually independent of the field ν, while the equation of motion of ν is, see (C.8)-(C.9),
It is also worth noticing that the G-AT model is already invariant under the scale transformation x ± → λ ±1 x ± (which is, in fact, a Lorentz transformation), and that the field η actually plays the role of a connection to implement conformal invariance.
The Leznov-Saveliev solution
In this section, we use the method of Leznov and Saveliev [3, 15] to obtain the general solution for the G-CAT models. This method has been discussed quite extensively in the context of Toda models and we present it here in some detail because, when applied to the G-CAT model, it has some features not common to the other ones. Specifically, when l, the grade of the currents set to a constant value (see (2.35)-(2.38)), is not the lowest non-vanishing grade, the solution has a number of chiral parameters greater than twice the number of fields. In addition, we will use the results of this section to relate some special Leznov-Saveliev solutions to the dressing transformations and τ -functions discussed in sections 7 and 8.
The equations of motion (2.26) (or equivalently (2.27)) can be put in the form of a zero-curvature condition
with the gauge potentials being given by
Notice that the zero-curvature condition (4.1) is equivalent to the equations of motion for the B fields only. It does not involve the equations for the chiral fields ξ −s and ζ s (1 < s < l) given by (2.30)-(2.31).
Since the gauge potentials (4.2) have to satisfy (4.1), they must be of the "pure gauge" form, i.e.,
where g is an exponentiation of the Kac-Moody algebra generators (2.2)-(2.3). The element g is obtained by integrating (4.3) a la Dyson, i.e., g(
However, since the field strength associated to A µ vanishes, it follows from Stoke's theorem that the integral is path independent. In general, due to the form of A µ expressed by eq.(4.2), the integration becomes easier by choosing two special paths. Here, we use an algebraic procedure to integrate (4.3), and we start by writing g in terms of two different group elements 4) which are related to the two previously mentioned special paths. Then, we get
Therefore from (4.2) and (4.3)
We now consider the states of a highest weight representation of the Kac-Moody algebrâ G which are annihilated by the positive grade generators, i.e.,
In addition, we require that
which is a consequence of (4.10) ifĜ − is related toĜ + by conjugation. The set of such highest weight states constitutes a representation of the finite subalgebraĜ 0 , since if | µ satisfies (4.10) so doesĜ 0 | µ ; we will assume that this representation ofĜ 0 is faithful, which is not true for the integrable highest weight representations mentioned in appendix B. From (4.6), (4.9), (4.10) and (4.11), one then gets
and so the states g −1
1 | µ and µ | g 2 are chiral
and so, the matrix elements of B −1 are obtained by contraction of two chiral vectors. Next, let us use the Gauss decomposition to write
where
Substituting (4.15) into (4.6), one gets
and, consequently,
Analogously, substituting (4.15) into (4.9) one gets
and, so,
Now, from (4.7),
therefore,
and, from (4.8),
Finally, if we write
with χ ± s ∈Ĝ s , we conclude from (4.20) and (4.24) that
by using arguments similar to those leading to (2.30) and (2.31); these chiral quantities are the only parameters of N and M contributing in (4.26) and (4.28) respectively. Therefore, from (4.14) and the considerations above we conclude that the general solution for the G-CAT model is given by Notice that, in order to reconstruct the group element B in (4.31), one has to choose a representation and a suitable number of states | µ . A priori, the above method does not give any criterium for that choice. In section 8 we will see that, in the τ -function formalism, one needs just the highest weight state of a particular integrable representation of the Kac-Moody algebraĜ.
The symmetries and vacua of the G-CAT models
The equations of motion (2.26), or equivalently (2.27), can be obtained from the action
i.e., the WZNW action for the field B ∈ exp Ĝ 0 plus a potential, where, since Λ ±l / ∈Ĝ 0 , Tr has to be the trace form of the Kac-Moody algebraĜ. Nevertheless, the calculation of almost all the terms in (5.1) requires just the restriction of the trace form ofĜ toĜ 0 . Actually, the first two terms of (5.1) involve generators ofĜ 0 only, and, in the last term, the trace form can be evaluated on the subalgebraĜ 0 except for a constant term. Indeed, writing B = e T with T ∈Ĝ 0 , one has Tr (
In the action (5.1), notice that κ is a coupling constant which plays no role in the classical theory, where it can be considered just as an overall factor.
The relation of the action (5.1) with the affine Toda models can be exhibited by using the parameterization (C.10) such that
so, using eqs.(C.11)-(C.13),
Then, the action of the G-CAT model is the WZNW action for the field B 0 ∈ exp Ĝ * 0 , plus a potential involving the field B 0 coupled to η, plus, finally, a kinetic term for the two fields ν and η. Consequently, when η = 0 (or constant, in general) the action (5.3) is precisely the action of the generalized non-abelian affine Toda model corresponding to the field B 0 .
Eq.(5.3) also shows that one should not expect to obtain always different models for different values of l. First, notice that the explicit dependence on l in e lη can be eliminated by η → η/l and ν → ν l. Second, it follows from eqs.
where E = I + Z Z N s , I is a set of integers ≥ 0 and < N s , andĜ j+m Ns is isomorphic toĜ j for all m ∈ Z Z. Through this isomorphism, for each u ∈Ĝ j and v ∈Ĝ −j such that T r(u v) = 0 there existsũ ∈Ĝ j+m Ns andṽ ∈Ĝ −j−m Ns , for all m ∈ Z Z ≥ 0, such that T r(u v) = T r(ũṽ). All this shows that the only a priori different models correspond to the different choices of Λ ±l with 0 < l ≤ N s . The symmetry group of the G-CAT model is the subgroup of the symmetry group of the WZNW model (2.5) which leaves the potential term invariant. Specifically, (5.1) is invariant under the transformations
where h L/R are elements of certain subgroups
Depending upon the choice of Λ ±l , these subgroups may vary considerably, and, in fact, the left and right subgroups might not be isomorphic. The Noether currents associated to such symmetries are
Indeed, from (2.26) and (2.27) we have
The question of the vacua of these models is quite delicate because the sign of the kinetic energy depends on the properties of the trace form Tr. Actually, we will be interested in the solitons of the massive G-AT models (3.24) , which correspond to the spontaneous breakdown of the conformal symmetry by the choice η = η 0 = constant (see (6.10) ). Then, the only field will be B 0 , and eq. (5.3) shows that the sign of the kinetic term depends only on the restriction of the trace form toĜ * 0 or, equivalently, on the properties of the subgroup exp Ĝ * 0 regarding its compactness. Even though affine Toda models based on non-compact groups have been considered in relation to two-dimensional black holes [4] , we will be mainly interested in the case when the group is compact and the kinetic energy of B 0 is positive. This can be achieved by choosing the compact real form of the Lie algebraĜ * 0 , which is always possible because of the following reason. Let us recall thatĜ * 0 is isomorphic to the affine subalgebra ofĜ generated by {H can be used to show that the trace form ofĜ restricted tô G * 0 is positive definite; this is equivalent to say that the subgroup exp Ĝ * 0 is compact. In the previous discussion, we have ignored the field ν because it does not contribute to the kinetic energy of the G-AT model, as can be checked in (5.3). Thus, for η = η 0 = constant, the action (5.3) has a positive definite kinetic energy for the particular choice of the real form ofĜ * 0 . In addition, with this choice, B 0 has to be unitary, which ensures the reality of the first two terms of (5.3) that specify a particular WZNW model. In contrast, the reality of the potential depends on the hermiticity properties of Λ ±l , which strongly constrains the possible choices of Λ ±l [29] . However, as we discuss in sections 6 and 9, the masses of the fundamental particles and solitons of these models depend only upon the eigenvalues of certain elements E ±l ∈Ĝ ±l defined in (5.11), and those masses are real even for a wide class of models whose potential is complex.
In order to have static solutions for the field B 0 , the right hand side of (3.17) should vanish or have components in the direction of the central term only, i.e., we will be interested in those cases where there exists a constant group element b 0 ∈Ĝ 0 such that
4 Actually, the generators are { H satisfy
Notice that eq.(5.12) would be satisfied if E ±l are elements of some Heisenberg subalgebra of G; this shows that it is possible to associate G-CAT models that admit static solutions to the elements of the different Heisenberg subalgebras ofĜ whose classification is available [30] . Then, for η = 0, the corresponding solution of (3.17) is
Obviously, if β = 0, the vacuum solution for the field in the direction of the central term C is not actually static; in fact, this is a generalization of what occurs in the abelian CAT models [9] . Let us introduce a group element b * ∈Ĝ * 0 such that (see eq. (3.16))
so, the vacuum solution is b * = 1, ν = 0, and η = 0. Therefore, the equations of motion (2.26) read
obviously, according to (3.20) , η is a free field. In terms of the field b * , the transformations 18) and so from (5.6) and (5.11)
In addition to the continuous symmetries expressed by eqs.(5.17)-(5.19), the theory may possess some discrete symmetries. In general, these are generated by group elements which are exponentiations of generators that do not really commute with E ±l , but do leave them invariant when the parameters in the exponentiation assume special values. An interesting class of such symmetries is related to the co-weight lattice of G. For the integral gradations (B.11), the Cartan subalgebra ofĜ 0 is the same as that ofĜ. Then, let µ v be a co-weight of G, i.e., µ v = r a=1 m a 2λ a /α 2 a , with m a being integers, and λ a and α a being the fundamental weights and simple roots of G, respectively. Any element of the Kac-Moody algebraĜ has an integer eigenvalue with respect to the elements of the Cartan subalgebra of the form
for any co-weight µ v and integer n (5.20)
Obviously, this is a complex transformation; however, since we will be dealing with the compact real form of exp Ĝ * 0 , it implies a real transformation on the components of the field b, when we parameterize it as in (6.1). Such class of transformations constitute a generalization of what occurs in the abelian affine Toda models, in the pure imaginary coupling constant regime [31, 9, 20] . Those transformations are responsible for the infinitely many degenerate vacua and for the existence of topological solitons. In addition to (5.20) , some theories may possess some additional discrete symmetries depending upon the particular form of E ±l . The question of the topological charges associated to such discrete symmetries will be discussed elsewhere.
The classical masses of the fundamental particles
The G-CAT models, described by (5.1), are conformally invariant and, therefore, their fundamental particles are massless. However, the G-AT models introduced in (3.24) are the gauge fixed version of the G-CAT models, which are not conformally invariant, and which have massive fundamental particles; in this section, we will calculate their classical masses. In (5.15), we will parameterize the group element b
where dimĜ * 0 = dimĜ 0 − 2, and T i denote all the generators ofĜ * 0 (see (C.8)); {ϕ i } and ν are fields of the the G-AT model. Then, taking η = 0, the linear part of the eq.(5.16) gives the Klein-Gordon equations for the G-AT fields
So, the field ν is massless, and, writing (6.4) as (our conventions are x ± = x ± t, and
we get that the mass square matrix for the ϕ i fields is given by
where we have used eq. (5.12); therefore
, have a set of common generators, one observes from the second line in (6.7) that the mass matrix is block diagonal with the block corresponding to this set being zero; so, the particles associated to that set of common generators are massless.
Notice that the diagonalization of the mass matrix (6.6) corresponds to the diagonalization of the action of the operator [
T ∈Ĝ * 0 (6.8)
Due to (5.12) and to the invariance of the trace form, the subspaces corresponding to different eigenvalues are orthogonal. Therefore, the masses of the fundamental particles are
For the G-CAT models, this constitutes the generalization of the arguments used in the abelian affine Toda models [32, 33] . However, to establish the physical significance of (6.9) in each G-CAT model, one has to ensure that the eigenvalues λ are real and non-positive. Below, we discuss how to calculate the eigenvalues λ in some examples. When going from the G-CAT to the G-AT model, notice that if we had set the field η to a non-vanishing constant value, namely η = η 0 , the commutator term in (5.16) would get multiplied by a factor v η ≡ e lη 0 (6.10) and all the masses would be multiplied by this factor too, m 2 λ = −4 v η λ. Therefore, the primary field φ ≡ e l η (3.19) actually works like a Higgs field with the mass matrix being proportional to its vacuum expectation value v η . Consequently, the masses of the G-AT model are generated by the spontaneous breakdown of the conformal invariance of the G-CAT models by the choice of a particular vacuum configuration η = η 0 = constant. However, we will not carry the constant v η explicitly because it can be absorbed in the definition of E ±l ; so, the mass scale of the G-AT models will be set by the normalization of E ±l .
The Dressing Transformations
Consider a generic non-linear system admitting a formulation in terms of a zero-curvature condition
with the gauge potentials A µ lying on a Lie algebraĜ and being functionals of the fields of the model. The dressing transformations [16, 17, 18, 19] are non-local gauge transformations acting on A µ and leaving its form invariant. Each one of these gauge transformations is performed in two different ways in terms of two different group elements Θ + and Θ − of G (the group whose Lie algebra isĜ)
Since A µ satisfies (7.1) it has to be of pure gauge form
and, consequently, A
Therefore, there exists a constant group element g such that Θ + T = Θ − T g and, so,
The requirement that the dressing transformation preserves the form of the potential A µ implies that Θ ± must belong to two different subgroups of G determined by the particular form of A µ inĜ. In this sense, eq. (7.4) corresponds to the factorization of T gT −1 into those subgroups. Then, given a solution of the model defined by a group element T and a constant group element g, the dressing transformation can be used to construct another solution defined by T g = Θ + T (or equivalently T g = Θ − T ). We will now use the dressing transformations for the G-CAT models to construct their solutions lying in the orbit of the vacuum. The gauge potentials for the G-CAT models are given by (4.2). Using (5.11) and (5.15) one gets
Then, for the vacuum solution, namely b = b * = 1 and η = 0, one has
which can be written as in (7.3) with the group element
We now perform a gauge transformation of the form (7.2) that maps (7.6) into (7.5) for η = 0. Due to the structure of A ± , we choose the elements Θ ± in (7.2) as ; t (±s) ∈Ĝ ±s (7.9) Therefore Θ ± have to satisfy
In order to solve these equations one has to split them into the eigensubspaces of the gradation (2.13). We now show how to construct Θ + . The calculations for Θ − are very similar. Due to the structure of Θ + the right hand side of (7.10) and (7.11) have grades greater or equal to 0 and −l respectively. So, using (7.8) one gets that the component of grade zero in (7.10) implies ∂ + Θ
+ (Θ
+ ) −1 = 0 and the component of grade −l of (7.11) implies
+ has to be an element of the subgroup H L introduced in (5.5). So, we write Θ
Considering the component of (7.10) with grades 0 < s < l, one gets 13) and from the component of (7.11) of grades −l < s < 0 it follows that
Therefore, taking into account (7.9), one concludes that
Now, using (7.12) and (7.15), the component of grade l of eq.(7.10) leads to
As for the component of grade 0 in (7.11) one gets
Finally, for the components of (7.10) and (7.11) of grades greater than l and 0 respectively, the result is
Performing the same calculation for Θ − , one finds
whereh R (x + ) was defined in (5.18), and also
= 0 (7.24)
Taking all this into account, from (7.4), one obtains
This relation has a very powerful meaning and it will be important in understanding the soliton solutions and τ -functions. Once Θ > + and Θ < − are determined from the relations given above, it is possible to reconstruct the corresponding solution for the b fields on the orbit of the vacuum for each constant group element g. In (7.26), notice that he gauge symmetries (5.5) of the G-CAT models have been made explicit, and one can easily choose a unique solution in each one of the orbits of those gauge groups.
Since we will use it in section 10, we point out here that the choice
for n not a multiple of l (7.27) for the quantities introduced in (7.9) is a solution for the dressing problem that corresponds to choosing all the chiral quantities in eqs.(7.15) and (7.21) to be zero. Indeed (7.15) and (7.21) are trivially satisfied and (7.18), (7.19), (7.24) and (7.25) will now have components only in the subspaces with grade which are multiples of l, and so, they can be consistently solved. However, unless some extraordinary cancellation happens, the type of solutions (7.27) imply that the constant group element g in (7.26) can only be an exponentiation of generators with grades which are multiples of l.
Connection with the Leznov-Saveliev solution
If | µ and | µ ′ are states of a given representation ofĜ satisfying (4.10) and (4.11), and after fixing the gauge ash R = h L = 1, one obtains from (7.26) that
where we have used ( 
Substituting that into (4.31), and using (3.16) and (5.15), we get the same as (7.28) with
The factor e η Qs drops out if the state | µ has zero Q s -eigenvalue, and a factor b −1 0 on both sides of the relation can be eliminated before taking the expectation value on the representation states.
Therefore the quite simple choice of parameters (7.29) and (7.30) leads, in the LeznovSaveliev method, to all the solutions in the orbit, under the dressing transformations, of the vacuum solution. In addition, such choice picks up only one solution in each orbit of the gauge transformations (5.5). Such observation sheds some light on the so called solitonic specialisation procedure used in [20] to construct the soliton solutions of the abelian Affine Toda models, and suggested in [21] for the same construction, in the case of a more general class of integrable models.
The τ -functions
In relation (7.26) the solution for the field b is found in terms of the quantities t (s) . In practice, solving such relations might turn in a quite cumbersome task. However, the quantities t (s) have a very important meaning. They are the embryo of the so called τ -functions.
The τ -functions have a very important role in soliton theory. They are used in the Hirota method to construct exact solutions of soliton equations [34] . In addition, formalisms have been developed to construct soliton equations starting from a given definition of the τ -function [22, 23] . The connection between dressing transformations and τ -functions has been explored in the context of the KdV equation [35] and of the generalized integrable hierarchies of the KdV type [24] . However, in those cases the τ -functions were defined on some special vertex representation of simply laced Kac-Moody algebras. Inspired on the dressing transformations, here, we present a general definition of the τ -function that is not restricted to any particular representation ofĜ, and which generalizes the results of [24] .
Consider an integral gradation of an affine Kac-Moody algebraĜ labelled by a vector s (B.11), and let | λ s be the highest weight state of an integrable representation ofĜ [27] , satisfying the relations (B.17)-(B.21). We define the τ -function τ s as the result of the action of the left hand side of (7.26) (or equivalently, its right hand side) on | λ s , but with the gauge symmetry (5.5) fixed as h L (x − ) =h R (x + ) = 1, i.e.,
As far as the relation among the b fields and τ -functions is concerned, the definition above is made on shell. However once such relation is established it can be extended off shell. The definition (8.1) implies that
where we have used (5.12) and denoted
Therefore,
Since τ s is a state of the representation, we can split it into eigenstates of the grading operator Q s given by (B.12)
where η s has been defined in (B.20).
Notice that | λ s is an eigenstate of the subalgebraĜ 0 and, since Θ < − is an exponentiation of the negative grade operators, we get that
This equation is the straightforward generalization of the eq.(5.1) of [24] , which, in that reference, establishes the relation between the zero curvature formalism and the τ -functions for a class of generalized integrable hierarchies of partial differential equations; our results open the possibility of generalizing [24] for a wider class of integrable equations. As a consequence of (8.2), notice that the c-number functionτ
Solutions that travel with constant velocity without dispersion, namely the one-soliton solutions, can be easily constructed as follows. Let F be an eigenvector under the adjoint action of
We then choose the constant group element g in (8.1) as
where x ± = x ± t, and
Nevertheless, if v is going to be the velocity of the soliton, observe that we must have
because if ω ±l have the same sign, then | v |> 1. So, for each eigenvector of E ±l we have a one-soliton solution. The multi-soliton solutions are constructed by choosing g as a product of one-soliton g's, i.e., g = e F e F ′ e F ′′ . . .. In fact, this is a generalisation of the ideas used in [20] . However, notice that if we have F and F ′ , with corresponding eigenvalues ω ±l and ω ′ ±l , satisfying (8.15) with different γ's (let's say γ and γ ′ ) but the same velocity v, then we have
So, we have a two-soliton solution which can be put at rest in some Lorentz frame. Such solution possesses several properties of the one-soliton solutions. Indeed, as we discuss below, the mass formula for these solutions are obtained using the same techniques as for the one-soliton solutions. In some special cases, even n-soliton solutions of that type can be constructed. In [9] those types of solutions were constructed for the abelian affine Toda using the Hirota's method.
Hirota's τ -functions
The concept of Hirota's τ -function is a practical one, in the sense that it just provides a method of constructing solutions [34] . Sometimes, the definition of the τ -function can be given more formally depending upon the level of understanding of the structures of the model. However, from the pragmatic point of view of constructing solutions, one can say that it corresponds to a redefinition of the fields of the model such that the equations of motion acquire a form that can be solved exactly by a formal perturbation expansion. For some special classes of solutions, the perturbation procedure gives the exact solution because the expansion truncates at a finite order. In the abelian affine Toda models, the Hirota's τ -functions were used to construct the soliton solutions [31, 9] ; but their definition was guided basically by the structure of the equations of motion and the results known for the corresponding one-dimensional version of that models. An important consequence of the results obtained from the dressing transformation method and the definition (8.1) is that, now, we are able to introduce Hirota's τ -functions for any non-abelian affine Toda model. As we will see in the examples, the Hirota's τ -functions for such models correspond to some components of the τ -function τ s (8.1) which provide a convenient parameterization of the b fields. However, since the gauge symmetry (5.19) was fixed in the definition (8.1), there will not be Hirota's τ -functions associated to the gauge fixed degrees of freedom. Roughly speaking, the Hirota's τ -functions have the form
where a number of states of the representation | v is suitably chosen such that the τ v 's parameterize all the fields. In some cases, like the principal gradation discussed in section 10, a given τ v may depend on more than one field and so it has to be split into components by considering one parameter subspaces on the orbit defined by τ s . Nevertheless, it is always clear which components are needed to describe the fields of the model. The truncation of the Hirota's expansion occurs if, for instance, in the case of the onesoliton solutions, there exists a positive integer N v such that the generator F , given in (8.12), satisfies
Then, from(8.14), the corresponding Hirota's τ -function for the one-soliton solution truncate
where τ
This generalizes the case of the level-one representations of affine simply-laced algebras where F is just a nilpotent vertex operator.
The Soliton masses
The canonical energy-momentum tensor for the G-CAT model action (5.1) is given by
and it is not traceless Θ
However, when the gradation (2.13) is performed by a grading operator Q s , Θ µν can be improved by adding the term
Due to the fact B commutes with Q s , such quantity is symmetric and it is trivially conserved
In addition, we have
where we have used the equations of motion (2.27), x ± ≡ x ± t, and again the fact that B commutes with Q s . Therefore, the improved energy-momentum tensor
is conserved, symmetric and traceless.
The energy-momentum tensor of the G-AT models, defined by the equations (3.24), has a simple relation with the above tensor. Using the parameterization (3.16) of B one has
Moreover, 8) and
Then, one can easily verify that the canonical energy-momentum tensor for the G-AT models is Θ G−AT µν = Θ µν | η=0 and, so,
where we have introduce the notationB 0 = B 0 e ν C . Now, following the reasoning of [9] , suppose that we have a soliton like solution of the G-CAT model that can be put at rest in some Lorentz frame. Then the energy of such classical solution should be interpreted as the mass of the soliton. But since the theory is conformally invariant, it has no mass scale and therefore the soliton mass should vanish. If the solution is such that the η field vanishes then it is also a solution of the G-AT model; this theory is not conformally invariant and, therefore, the soliton mass evaluated with the G-AT energy-momentum tensor does not vanish. Using (9.10) one observes that the contribution to the soliton mass comes from a surface term. So, the soliton mass M is then
where v is the soliton velocity (c = 1). Next, using the explicit description of the integer gradations summarized in appendix B, we show that the trace in (9.11) can be expressed as an expectation value in a given representation. For an integral gradation (B.11), the generators ofB 0 are the Cartan subalgebra generators H 
Notice that the subalgebrasĜ 0 andĜ ′ 0 of zero grade with respect to the gradations s and s ′ , respectively, are equal. Therefore, | λ s ′ is an eigenstate of B 0 , and so
From (5.15) and (5.14) one has, ∂ t ln λ s ′ |B
As we have seen in (8.13), the soliton solutions correspond, in (7.26) , to the choices h L = h R = 1 and g = e F with F being an eigenvector of E ±l . So, from (7.26), (8.12) and (8.15), it follows that
If there exists a positive integer N ′ max. such that F satisfies
and also
then, for γ > 0 only the upper limit in (9.18) contributes, and if γ < 0 only the lower one, so
where we used (8.15).
Eq. (9.21) generalizes to the G-CAT models the mass formula obtained in [9, 20] for the solitons in the abelian Affine Toda models. However, a detailed analysis of each particular G-CAT model has to be done to ensure the physical significance of (9.21). The basic point of that analysis is to establish that the eigenvalues of E ±l , namely ω ±l , are such that γ and v are real.
Notice that if we had taken in (7.6), η = η 0 = constant, then E l would get multiplied by the factor v η , introduced in (6.10). Therefore the eigenvalue ω l , and consequently the soliton masses, would also get multiplied by the same factor. This is an evidence that the Higgs like mechanism discussed at the end of section 6 is also working in the generation of the soliton masses.
The mass formulas for the fundamental particles (6.9) and for the one-soliton solutions (9.21) indicate a very deep structure in such models, which is still to be understood. They might indicate a sort of duality similar to the electromagnetic duality conjectured by Montonen and Olive [25] in four dimensional gauge theories involving the interplay of monopoles and gauge particles. In fact, the use of the gradation s ′ defined in (9.15), which is a technical artifact here to calculate the soliton masses, is an indication of the interplay between the algebraĜ and its dualĜ v -roots interchanged by co-roots-similar to the electromagnetic duality. Some results concerning duality in Toda models were recently investigated in [26, 36] .
Since F is an eigenvector of E ±l then it is obviously an eigenvector of [
. So, expanding it in eigenvectors of the grading operator Q s
we observe that each component satisfies
Therefore if the zero mode F (0) is non-vanishing, we have a generator ofĜ 0 with eingenvalue λ = ω l ω −l and so, from (6.9) a fundamental particle of mass m 2 = −4ω l ω −l . So, for each F with non-vanishing zero mode we can put in correspondence a soliton and a fundamental particle with the masses satisfying
Obviously any two masses can be related by a proportionality constant. However, in the case of the abelian affine Toda models [20, 9] , the integers N ′ max. for each species of particles and solitons, are such that the particle and soliton masses are proportional to the right and left Perron-Frobenius vectors respectively. This is what indicates the existence of a duality symmetry in the abelian affine Toda models. There remains to establish the types of nonabelian affine Toda models that present a similar relation. In any case, it is a remarkable fact that the soliton and particle masses are both determined by the eigenvalues of E ±l in any one of these models.
Examples
Here, we work out in detail some aspects of the G-CAT models associated to the principal and to the homogeneous gradation ofĜ, in which the dimension ofĜ 0 is minimal and maximal, respectively. For the principal gradation, we recover the abelian CAT model of [6, 7] , and we show that the Hirota's τ -functions defined in [9, 31] easily follow from the systematic approach of section 8. For the homogeneous gradation, we construct the one-soliton solutions when the finite Lie algebra G is either compact or non-compact; in the former case, the resulting model has very suggestive features.
Principal gradation
The principal gradation ofĜ is defined by s i = 1, i = 0, 1, 2 . . 
We then define the Hirota's τ -functions, in this case, as
Therefore, the Hirota's τ -functions correspond to the components, in the tensor product space of the representation, of τ
ppal . If we had parameterized b as
we would get, since ν = 2
This is exactly the definition of τ -function used in [9] to construct the soliton solutions of the abelian affine Toda models by the Hirota method (except for some terms associated to the fact that, in [9] , the element b 0 e ν 0 C was not factorized as in (5.15) ). For the case l = 1 one can take Λ ±l in (2.22)-(2.23) to be
for some constants q i andq i . The element b 0 in (5.11) can be taken as
q iqi e i (10.10) with l ψ a given in (B.22), and so
The symmetry groups given in (5.19), namely h L andh R , are trivial in this case, i.e., they are exponentiations of the central term C. On the other hand, in the purely imaginary coupling constant regime, the transformations (5.20) are responsible for the infinitely degenerate vacua leading to the topological soliton solutions. Therefore from (5.16) one gets the equations of motion for the abelian Conformal Affine Toda (CAT) models [6] 10.15) and so φ a = η = ν = 0 is a vacuum solution. The soliton solutions and integrability properties of those models were extensively discussed in the literature [6, 9, 20, 8, 37 ] and we do not describe them here.
If one takes l > 1 one obtains different models. However, for the principal gradation, and for any gradation where all s i 's are non-vanishing, the subalgebraĜ 0 is generated by h i , i = 0, 1, 2 . . . r, and Q s . Therefore, the generators of grade l are step operators which corresponding opposite root step operators have grade −l. Then, the difference of two roots of grade l is never a root. In this sense, the roots of grade l behave like a set of simple roots for some subalgebra ofĜ, not necessarily simple. So, this indicates that by considering models with l > 1 for gradations where all s i 's are non-vanishing one is going to get abelian Toda models (affine or not) for different subalgebras ofĜ.
Homogeneous Gradation
In this case all s i 's vanish except s 0 which equals one. So, the grading operator is just D
The subalgebraĜ 0 is generated by H 0 a , a = 1, 2, . . . r, E 0 ±α , D and C, i.e., it is the simple algebra G in addition to D and C. There is a great variety of choices for E ±l , but here we will consider those that can be rotated into the H ±l subspace. So, we take
Therefore from (B.1) and (5.12) we have
The eigensubspacesĜ n of Q hom. are all copies of the adjoint representation ofĜ 0 , and therefore one does not expect the properties of the model to change by varying l. For instance, for any l, the symmetry groups of the model given in (5.19) , are the same and equal to the Cartan subgroup ofĜ 0 , i.e., h L andh R = exponentiations of H 0 a for a = 1, 2, . . . r; (10.19) this in agreement with the comments below eq. (5.3). Notice that if q and/orq are orthogonal to some root α, then the corresponding step operators E 0 ±α are also generators ofh R and/or h L . According to the discussion of section 6 the model has at least rank-G+1 massless particles (depending upon the choice of q andq). In fact, the diagonalization of the operator in (6.8) is quite simple (see (B.1)-(B.6))
So, there is a mass degeneracy associated to each pair of roots ±α. In order to have nonnegative masses one has, from (6.9), to take both q and (−q) (or equivalently (−q) and q)) lying in the Fundamental Weyl chamber [38] . However, such statement is misleading. Going back to the Klein-Gordon equation (6.5), one notices that the trace form multiplies the mass and the kinetic terms of the corresponding Lagrangian. Therefore if the trace form restricted toĜ 0 (more properly, toĜ * 0 ) is not positive definite, we have a model where the energy is not bounded below. However, as we pointed out in sections 2 and 5, we can always choose the real form of the Kac-Moody algebraĜ such that the trace form restricted toĜ 0 is positive definite. In the case of the homogeneous gradation we can takeĜ 0 to be generated by H 
hom. = e −ν ; or τ
hom. = e −ν |λ 0 (10.26)
hom. is not sufficient to parameterize the b-fields. In order to do that we need to consider more components of the τ -function.
We write the quantity t (−l) defined in (7.9) as
Substituting that in (7.23), and using (10.17), (10.25) and (B.7)-(B.9) we get (fixing the gauge byh R = 1)
(10.30)
(10.31)
We shall restrict ourselves to the solutions of the type described in (7.27). Therefore, from (8.6) and (8.10) , τ 28)-(10.31) . In this case, such relations involve derivatives of the fields. The Hirota equations can them be obtained from the equations of motion for the fields. However we do not have to solve such Hirota equations, because the solutions have already been constructed by the dressing transformation method. In order to obtain the soliton solutions, we choose the constant group element g in (7.26) as in (8.13).
Non-compact solitons
As we have seen in section 8 the one-soliton solutions are associated to the eigenvectors of E ±l . In this case we have that
are eigenvectors of E ±l , given in (10.17)
where ζ is a complex parameter. Notice that if we take k = 0 in (10.37) we do not get zero eigenvectors, since
One could choose q andq to be orthogonal to all simple roots α a except one, by taking them to lie in the direction of one of the fundamental weights. Therefore one could have rank-G−1 eigenvectors of type F 0 a with zero eigenvalue. However the F 's with zero eigenvalue lead to constant solutions in (8.14) , since from (8.15) we get that γ = 0. Therefore, there are no one-soliton solutions associated to F k a given in (10.37). As we have commented on the paragraph below (7.27), we can not take F in (8.13) as one of the F p ±α for p = 0, given in (10.38), because (10.32) will not be satisfied. So, we will construct for each F for g in (8.13), given by (10.47) and the parameters of the solitons being where
Again, we have | v −α |< 1 for ζ real and (q · α)(q · α) < 0. Notice that for a given ζ, the one-soliton solutions associated to F Another way of getting that is to use (9.18) and the fact that the expectation value of any non-vanishing positive power of F 0 ±α (ζ), in the highest weight state |λ 0 , is zero. Therefore, although we can put the one-soliton solutions in one to one correspondence with the massive fundamental particles, through the eigenvalues of E ±l , we do not have in this case, the proportionality of the masses as discussed in (9.24) (N ′ max. = 0). In the G-CAT model we do have massless solitons travelling with velocity | v |< 1. That is because the conformal symmetry does not allow a mass scale. It would be interesting to understand from a physical point of view why the above solitons are massless.
As we have said, the one-soliton solutions associated to the eigenvectors F p+nl ±α for p = 0 can not be obtained by the above procedure due to the choice (10.32) we have made (see (7.27) ). However, one does not expect them to correspond to new soliton solutions. The reason is that they do not exist in the case l = 1, and the equations of motion do not change considerably by changing l, as commented below eq.(5.3). As we pointed out above, the subspacesĜ n are copies of the adjoint representation ofĜ 0 and the only equation of motion dependent on l (for η = 0) is that for the ν field. In addition, the eigenvectors F p+nl ±α can be obtained from F nl ±α by (10.57) and α·H p α 2 lies in the centralizer of E ±l . This is in fact some sort of symmetry of the model. If T is an eigenvector of E ±l , [E ±l , T ] = λ ± T , and if L lies in the centralizer of E ±l , then [L , T ] is also an eigenvector of E ±l with the same eigenvalue.
Compact solitons
The one-soliton solutions for the compact real form of the group can be directly constructed in terms of the fields. Introducing the generators
one can easily verify that the group elements 
where m 2 α is given in (10.23). Therefore, for every solution of the Sine-Gordon model we get two solutions, corresponding to b
(1) and b 2) given in (10.59), of the G-AT model associated to the homogeneous gradation. The structure of these models is such that each SU(2) subgroup associated to a positive root α can be considered independently.
We then have topological solitons, and the infinitely many vacua are associated to the invariance of the model under the transformations
since the generators (10.17) satisfy with µ v a co-weight and n and integer. However, these are not relevant here, because the solutions we are considering do not possess fields in the direction of the Cartan subalgebra (except for ν); those have been gauge fixed by setting h L =h R = 1 in (10.19) .
In order to evaluate the masses of the solutions (10.59) which can be put at rest in some Lorentz frame, we use the formula (9.11). Since the grading operator in this case is just D, and that is orthogonal to all generators except C, we get (see (5.15) 
where we have used the fact that ν 0 ∼ x 2 − t 2 (see (5.14)). The one-soliton solution of the Sine-Gordon model is , and two one-soliton solutions, corresponding to b (1) and b (2) given by (10.59) and ϕ being the one-soliton of the S-G model, with equal masses M sol.
α . The relation between soliton and particle masses is given simply by (10.67) . That is a remarkable relation. Like in the abelian affine Toda models, it indicates the existence of a duality transformation that interchanges the roles of particles and solitons. In addition, the factor 2 α 2 also indicates the corresponding interchange of the algebra and its dual.
The one-soliton solutions of this model have a very simple structure. For each generator T j (α), (j = 1, 2), we have Sine-Gordon solitons excited independently. However, if onesolitons of different Sine-Gordon models are excited, they interact in a non-trivial way. The investigation of this last point, which is in progress, is of great interest because such model describes an integrable interaction of Sine-Gordon solitons.
Conclusions and discussion
We have constructed the Generalized Conformal Affine Toda models (G-CAT), and studied the most salient aspects of their structure. Along the text, we have remarked that most of these properties can be viewed as the generalization of similar features of the Abelian Conformal and of the Non-Abelian Affine Toda models. In our opinion, one of the most important points is that the Non-Abelian Affine Toda models can be understood as the result of the spontaneous breakdown of the conformal symmetry of the G-CAT models. Consequently, the masses of the solitons of the Affine Toda models are generated by a Higgslike mechanism. Even more, this approach allows one to put in one-to-one correspondence the massive fundamental particles of the model with its one-soliton solutions; a relation which we expect to be relevant when quantizing these theories.
To study these G-CAT models, we have used different well known methods in the field of the integrable non-linear systems, and we have clarified the connection between all of them. Namely, in constructing the general solutions of the model, we have used and, when needed, we have suitably generalized the Leznov-Saveliev method for zero-curvature equations [2, 3, 15] , the dressing-transformation approach [16, 17, 18, 19] , and we have also defined the appropriated τ -functions [34, 35, 24] . The result is a systematic procedure for constructing the one-soliton solutions and an explicit formula for their masses.
Among the directions in which our work can be developed further, we point out the following. First, as we have seen in section 5, some of the left and right translations on the two-loop WZNW model remain as symmetries of the G-CAT model. However, as it happens in the abelian case, those which do not survive are twisted by the reduction procedure and should give rise to non-linear symmetries, i.e., to W algebras. This has already been investigated in the abelian CAT models [39, 40, 8] . They have only two chiral remaining Kac-Moody currents in each chiral sector that, in fact, can be used to construct infinite W algebras; the other symmetries do not lead to chiral currents but to chiral charges [8] . Moreover, it would be interesting to investigate if some of the generators of the two-loop Virasoro algebra constructed in section A remain as symmetries of the G-CAT model. Second, a systematic study of the different G-CAT models according to their specific properties has to be made. In particular, from the point of view of their eventual quantization, it would be particularly important to distinguish those models whose kinetic term is positive-definite, and whose action is real. Results in this direction have recently been presented in [29] , and, concerning the first point, we have made some comments in sections 2 and 5. In section 5, we have also pointed out that a family of models admitting static solutions correspond to the choice of E ±l as elements of some Heisenberg subalgebra ofĜ. Then, the available classification of the Heisenberg subalgebras of an affine Kac-Moody algebra [30] can be used to construct a large number of particular models whose specific properties should be analysed.
Third, concerning the soliton solutions, their topological character should be investigated to establish in which cases a topological charge can be defined and also to understand its spectrum.
Finally, let us mention that the most interesting development to be made is the construction of the quantum theory of these models, which is expected to be integrable for a wide class of them. Then, it should be possible to construct an exact factorizable S-matrix and to compare the states of the resulting quantum theory with the solitons of the classical one.
A Appendix: The Two-Loop Virasoro algebra
The Sugawara construction for the two-loop Kac-Moody algebra (2.6)-(2.9) can be used to obtain an algebra much bigger than the Virasoro algebra. In order to do that we impose periodic boundary conditions on the currents. Namely, we take the space variable x being on a unit circle, and require the currents to satisfy,
we can define a new set of currents by [13] 
where C n are the modes of J C (x), i.e.,
The zero mode C 0 is not included in the transformation (A.1) in order to respect the periodicity properties ofJ 
where D n are the modes of
D 0 is the operator measuring the "momenta" m in an usual KM algebra [41] . Formulae (2.6)- (2.8) show that the J C -J D system is decoupled from theJ ′ s. C 0 commutes with all the operators, i.e., acts like a second central extension in the algebra ofJ ′ s. Following the Sugawara construction we define
In addition, under L m (x) the currents transform as
Since the currentsJ m a (x) satisfy periodic boundary conditions, so does L m (x). We then expand it in modes as
where we have expanded the delta function as δ(x − y) = ∞ n=−∞ e −in(x−y) . If the central terms C 0 and k are rational numbers, then one can always eliminate one of them from the above relation by a redefinition of the integer labels of L (m 1 ,m 2 ) . We introduce the sl(2, Z Z) transformation
where M = a b c d ; with a, b, c, d ∈ Z Z and detM = 1. The last condition is needed in order to make the transformation one to one. We then define the new generators
From (A.10) and (A.11) we get
Now, if the central terms are rational, let us say C 0 = p/q and k =p/q, then we can choose a = qp and c = −pq, and b and c such that dqp + bpq = 1, which always has a solution. Therefore we get C ′ 0 = 0 and k ′ = 1/qq. Expanding the currentsJ m a (x) in x, and making similar redefinitions in the pair of indices of its modes one can eliminate one of the central terms in (A.3) [13] .
When the finite Lie algebra associated to the structure constants f c ab is compact, then it can be shown [13] that for unitary, highest weight representations for the currentsJ m a (x) the central terms k and C 0 have to be integers [13] . In such a case the elimination procedure above works. The reduction procedure discussed in section 2 uses the Gauss decomposition. Therefore the two-loop Kac-Moody algebra (2.6)-(2.9) has to be based on a finite simple non-compact Lie algebra. In such cases k and C 0 are not necessarily integers and can in principle assume any value (even complex). have been classified in [27, 28] ; the result is that every integer gradation with finite dimensionalĜ 0 is conjugate to a gradation defined by a grading operator Q s satisfying [Q s ,Ĝ n ] = nĜ n ; n ∈ Z Z, (B with ψ being the maximal root of G; obviously, the value of σ is arbitrary, but we shall make the standard choice σ = −T r(H Notice that the step operator corresponding to the maximal root has to be an element of maximal grade, i.e., E ψ ∈ G L ; but the grade of E ψ can be obtained using eq. where B 0 is an element of the subgroup obtained by exponentiating the subalgebraĜ * 0 . It is worth noticing that trace form Tr, restricted toĜ * 0 , is also non-degenerate. Finally, let us point out that, when s 0 = 0, B 0 is the field of the non-abelian affine Toda model associated to the affine Lie algebraĜ and to the gradation induced by Q s . However, when s 0 = 0, we have models of non-abelian affine type which, as far as we know, were not considered in the literature before.
In order to substitute eq.(C.10) in eq. (5.1), the following expressions will be useful: 
